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Abstract. Let / : A'^ — > A'^ be a regular polynomial automorphism defined over a 
number field K. For each place v of K, we construct the ii-adic Green functions G ^ .„ and 
G j-i ^ (i.e., the D-adic canonical height functions) for / and /~^. Next we introduce for 
/ the notion of good reduction at v, and using this notion, we show that the sum of ii-adic 
Green functions over all v gives rise to a canonical height function for / that satisfies the 
Northcott-type finiteness property. Using (V], we recover results on arithmetic properties 
of /-periodic points and non /-periodic points. We also obtain an estimate of growth of 
heights under / and f~^, which is independently obtained by Lee by a different method. 



Introduction 

Height functions are one of the basic tools in Diophantine geometry. On AbeUan vari- 
eties defined over a number field, there exist Neron-Tate's canonical height functions that 
behave well relative to the [n]-th power map. Tate's elegant construction is via a global 
method using a relation of an ample divisor relative to the [n]-th power map. Neron's 
construction is via a local method, and gives deeper properties of the canonical height 
functions. Both constructions are useful in studying arithmetic properties of Abelian vari- 
eties. 

In |7|, we showed the existence of canonical height functions for affine plane polyno- 
mial automorphisms of dynamical degree > 2. Our construction was via a global method 
using the effectiveness of a certain divisor on a certain rational surface. In this paper, we 
use a local method to construct a canonical height function for affine space regular auto- 
morphism / : — > A^, which coincides with the one in [7J when N = 2. We note that 
arithmetic properties of polynomial automorphisms over number fields have been studied, 
for example, by Silverman (TT\, Denis [5 1, Marcello iTTTT] and the author |7 1. 

We recall the definition of regular polynomial automorphisms. Let / : be a 

polynomial automorphism of degree d >2 defined over a field, and / : — ^ denote 
its birational extension to P^. We write for the inverse of /, for the degree of /~^, 
and for its birational extension to P^. Then / is said to be regular if the intersection 
of the set of indeterminacy of / and that of /^^ is empty over an algebraic closure of the 
field (cf. Definition 12. II and Remark |2!2] |. Over C, dynamical properties of affine space 
regular polynomial automorphisms / are deeply studied, in which the Green function for 
/ plays a pivotal role (see lfT6l §2]). 

In fl]and ^ we construct a Green function (a local canonical height function) for / 
over an algebraically closed field ft with non-trivial non-archimedean absolute value | • |. 
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For a; = {xi, . . . ,xn) G , we set — maxi<i<Ar{|xi|}. Our results are put together 
as follows. 

Theorem A (cf. Proposition Lemma O Theorem l23Tl. Let f : ^ be a 

regular polynomial automorphism of degree d > 2 defined over fl. With the notation as 
above, we have the following. 

(1) For all X £ A^ {ft), the limits 

1™ 4rlogmax{||/"(a;)||,l} and lim -i- logmax{||/~"(x)||, 1} 

exist. We respectively write Gf{x) and Gf-i{x) for the limits, which we call 
Green functions for f and f^^. 

(2) There are constants Cf, Cf-i G M such that 

G/(-) < logmax{|| ■ ||,l} + c/ and G/-i (•) < logmax{|| • ||, 1} + c/-i onA^(f7). 

(3) There are subsets V+,V~ of (ft) with V+ U = A^ (fl) and constants 
c'^ e M such that 

G/(-) > logmax{|| • 11,1} + C+ onV+, 
G/-(-) > logmax{|| • 11,1} + onV^. 

Over C, Green functions are constructed using compactness arguments (cf. lfT6l §2]). 
Here we use more algebraic arguments based on Hilbert's NuUstellensatz. Our construc- 
tion of , is rather delicate with a choice of two parameters e and 6, which behaves 
well when we work over number fields in ^ and ^ We note that, over C, our construc- 
tion gives a different proof of the existence of Green functions with more explicit estimates 
(see In |3] we continue to study some basic properties of regular polynomial automor- 
phisms / over n,, characterizing the set of escaping points by G/ and showing a filtration 
property for /. 

Now we turn our attention to number fields. Let / : — ^ be a polynomial 
automorphism defined over a number field K. For each place v of K, let K^^ denote the 
completion of K with respect to v, and Ky an algebraic closure of Ky. Then / induces a 
regular polynomial automorphism over Ky, so we have Green functions Gf^y, Gj-iy and 
estimates with Cf^y,Cf-i y, as in TheoremlAl (Here we use the suffix v to indicate that 
we work over Ky. See ^when v is Archimedean.) 

We want to define the canonical height functions /i^ , hj for / as the sumof G/^t,, Gf-i^y 
over all the places v of K. To this end, we introduce the notion of good reduction at an 
non- Archimedean place v of K. Let Ry denote the ring of integers of Ky, and ky the 
residue field. Recall that the notion of good reduction for an endomorphism ip of over 
Ky is introduced in Morton-Silverman [14 1, which means that (p extends to a morphism 
over Ry and the induced morphism (p over ky has the same degree as (p. Here we say that 
a regular polynomial automorphism / : A^ A^ has good reduction at u if / extends 
to an automorphism over Ry and the the induced morphism / over ky is again a regular 
polynomial automorphism such that the degrees of / and /^^ are the same as the degrees 
of / and /^^ respectively (see Definition |4T| for the precise definition). 

Using the notion of good reduction, we show the existence of canonical height func- 
tions. Let h : A^ (K) M denote the usual logarithmic Weil height function. 
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Theorem B (cf. Proposition |6]2] Theorem l6.3b . Let f : be a regular polyno- 

mial automorphism of degree d > 2 over a number field K. Let d- > 2 denote the degree 
off-'. 

(1) / has good reduction at v except for finitely many places. Further, if this is the 
case, we can take the constants c/^„ — Cf~i y = = in Theorem\A\ 

(2) For all x £ h.^ (K), the limits 

(0.1) h+{x):= lim ^h{f'\x)) and {x) := lim l^h{f-'\x)) 

exist. Further, we have the decomposition into the sum of local Green functions: 

h'j^ix) — nyGf^v{x) and hj{x) — nvGf-i^y{x). 

(3) We define hj : (K) M.by hf :— h'^ + hj. Then hj satisfies hj h and 

V- 

Further, for X G A^(i?), we have 



h f (x) = /i J (a;) = /ly (x) — <J=> x is f -periodic. 

We note that in |7|, we have defined h'j{x) as limsup„^oQ and similarly 

for hJ. Theorem m shows that {-^h{f''{x))}+^f^ and are in fact 

convergent sequences, i.e., lim sup can be replaced by lim in dO.lt . 

Using estimates on local Green functions over all places, we obtain the following esti- 
mate on global canonical height functions for all > 2 (see |7, §4], [|18 . Conjecture 3], 
|fT9l Conjecture 7.18]). This result is obtained by ChongGyu Lee ifTTI independently. His 
proof uses a global method and is based on the effectiveness of a certain divisor (as done 
for = 2 in fl\). 



Corollary C (cf. Theorem lT.lb . Let f : A^ — > A^ be a regular polynomial automorphism 
over a number field K. With the notation as above, there exists a constant c > such that 

(0.2) \h{f{x)) + j-h{f-\x)) >(^1 + ^ j h{x) - c 

for all X G (_ftr). Further, we have 

lh{f{x)) + ^h{f-\x)) 1 
^^i'^^ TT~\ = 1 + TT- 

h{x) — >oo 

Since (10.2b holds, by the argument of |7 |, we recover the results on /-periodic points 
and refine the results on non /-periodic points in ifTTl l5l [121 [T3l . For x G A^{K), let 
Of{x) {/"(x) I n e Z} denote the /-orbit of x. If Of{x) is infinite, we have the 
canonical height h{Of{x)) of Of{x) (see Eqn. ( 17. 5b ). 

Corollary D (cf. Corollarv l7.5l Corollarv l7.4b . Let f : A^ — > A^ be a regular polynomial 
automorphism over a number field K. With the notation as above, we have the following. 

(1) The set of f -periodic points in A^ (K) is a set of bounded height. 
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(2) For any infinite orbit O / (x), 
#{y e Of{x) I h{y) <T}= (^^-1^ + ^-L-^ logT -h{Of{x)) + 0(1) 
asT ^ +00. 

Acknowledgment. My deep thanks go to Professor Joseph H. Silverman for his en- 
couragement and discussions. Some preliminary work was done while I was staying at the 
IMJ in Paris and the CRM in Barcelona from October of 2005 to July of 2006. I thank 
Professors Tien-Cuong Dinh, Charles Favre and Nessim Sibony for helpful conversations, 
with whom I had opportunities to talk during my stay in Paris. 

1. NON- ARCHIMEDEAN GREEN FUNCTIONS FOR POLYNOMIAL MAPS 

Let n be an algebraically closed field with non-trivial non-archimedean absolute value 
I • |, and R its ring of integers. For a point x = (xi, . . . , xn) G A^(f2), the norm of x 
is defined by ||a;|| = maxi=i^...^]v{|a^i|}- As usual, we set log^(a) := logmaxja, 1} for 
a G M>o, sothatlog+ = logmax{||a;||, 1} = log 

Let / = (/i, . . . , /at) : — > be a polynomial map of degree d > 2 de- 
fined over O, where .... fN(X) are polynomials in . . . , Xj^] such that 
d = maxi=i,...,jv{deg/i}. We write (X, T) T^^MX/T) € n[Xi, . . . , Xn,T] 
for homogenization of /». Let / = (Fi : ■ • • : Fat : T"^) : — * denote the ex- 
tension of / to P^. We put F := {Fi,...,Fn,T'^) : A^+i ^ A^+\ which is a Uft of 
/. 

For the composition /" = / o • • • o /, we write /" = (/", . . . , /^). Similarly, for 
the composition F" = F o • • • o F, we write F" = {F^,..., F^,T'^"). Let d„ de- 
note the degree of /", and let F„,(X, T) = T'^^f^{X/T) £ n[Xi, Xn, T] be ho- 
mogenization of Since F"(X, 1) = f^{X) = Fni{X, 1), the degree counting gives 
F/^(X,T) = T'^"-<^"F„i(X,T). 

Proposition 1.1. Let f : A^ be a polynomial map of degree d > 2 defined over 

fi. Then, for all x G A^(17), — log"*" converges to a non-negative real number 

asn ^ -\-oo. 

Proof. We take an r G i? so that rFj G R[X, T] for all i = 1, . . . , TV. We set 

a„ := ^log+ ||r(a;)||, 6„ := log ||F"(a;, 1)||, c„ := log ||(rF)"(a., 1)||, 

where rF = (rFi, . . . , tFn, rT'^). We claim that 

1 — 

(1.1) an = b„ = Cn log|r|. 

Indeed, the first equality follows from 

an = ^log+\\f^x)\\ 

= ^ logmax{|F„i(x, 1)|, . . . , \F^n{x, 1)|, 1} 
= logmax{|Fi"(x, . . . , \FJ^{x, 1} = 6„. 
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The second equality follows from (rF)" = j.i+d.+---+d"-^ pn ^ ^^rrr-^". it follows 
from II (ri^)(a;, 1)11 < ||(a;, l)f that 

i^logj|(rFr(x,l)|| < i^log||(rFr-i(x,l)r < ^log||(ri^r-i(a:,l)||. 

In other words, {c„}^^ is a non-increasing sequence. Eqn. ( II. Il l implies that {c„}^J^ is 
bounded from below. Indeed, since a„ is nonnegative and |r| < 1, we have c„ > a„ + 
log |r| > log Ij^I- Thus lim„^+oo c„ exists. Eqn. dl.ll ) then gives the existence of 
lim„^_i_oo a„, which is nonnegative from the definition. □ 

Proposition I 1 . H allows the following definition. 

Definition 1.2. For a polynomial map / : A'^ defined over il, we define the 

non-negative function G/ : (n) ^ Mby 

Gf{x):= lim i-log+||r(x)|| for a; 6 A^(f]), 
and call it the Green function for /. 

Lemma 1.3. Let C'j be the maximum of the absolute value of all the coefficients of fi{X) 
for 1 < i < N, and we set Cf = ^j^j logmaxjCj-, 1}. Then 

G/(-)<log+M|+c/ onA'^in). 

Proof. We take r e R such that \r\ = 777^. Then rF, e R\X,T] for all 

i = 1, . . . ,N. From the proof of Proposition ll.il we have 

Gf{x) < lim c„ - --^log|r| < Co - -7^1og|r| = log+ ||a;|| - --^log|r|. 

a— 1 a— 1 a — 1 

Hence we get the assertion. □ 

Lemma [T~4| below shows that, for some polynomial maps /, G/ is not interesting. How- 
ever, we will see in the next section that G/ enjoys nice properties for regular polynomial 
automorphisms / (see Definition 12. H and Theorem l2.3l ). 

To state Lemma [T~4l we recall that a polynomial map / is said to be algebraically stable 
if d„ = for all n > 1 (||T6l §1.4]). 

Lemma 1.4. If f is not algebraically stable, then G f{x) = for all x G A^ (fl). 

Proof. We take no such that dno < c?"", and we put g = . Proposition 1 1 . 1 1 tells us 
that gi- log"'' ||5'"(a;) II converges to a non-negative number as to ^ +00. Hence 

"0 

log+ ||r«"(2:)|| = — log+ \\g"^{x)\\ — > (to ^ +00). 



From Proposition ll.il we get G f{x) = Q. □ 



2. NON- ARCHIMEDEAN GREEN FUNCTIONS FOR REGULAR AUTOMORPHISMS 

In this section we consider polynomial automorphisms. Let / : A^ A^ be a poly- 
nomial automorphism of degree d > 2 defined over an algebraically closed field ft with 
non-trivial non-archimedean absolute value. 

As before, let / = {Fi{X,T) FNiX,T) : T"^) : — ^ denote the 

extension of / to P^. For the inverse /^^ : A^ A^ of /, we denote by d- the 
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degree of / ^. Note that the integer d- > 2 may be different from d. We write / ^ = 
{Gi{X,T) : •■ • : Gn{X,T) ■.T'^-) : for the extension of /-^ to P^. 

Let /-!_ and /_ denote the set of indeterminacy of / and f^^, respectively: 

/+ = {{x : 0) e P^(r!) I 0) = ■ • • = Fjv(x, 0) = 0}, 

/_ = {{x : 0) e I Gi(2;, 0) = • • • = Gn{x, 0) = 0}. 

Definition 2.1 (see ESI §2.2]). A polynomial automorphism / : is called 

regular if /-|_ fl /_ = 0. 

Remark 2.2. The definition of regular polynomial automorphisms works over any alge- 
braically closed field. 

The purpose of this section is to prove the following theorem, which says that the Green 
functions for regular automorphisms exhibit nice properties. 

Tlieorem 2.3. Let Q be an algebraically closed field with non-trivial non-archimedean 
valuation, and f : — s- A^ a regular polynomial automorphism over il. Then there are 
open subsets V'^, ofA^{n) and constants c^,c~ G M with the following properties. 

(i) G/(-)>log+||-||+c+o«\/+. 

(ii) Gf-i{-)>\og+\\-\\+c- onV-. 

(iii) V+^V- =K^{n). 

Remark 2.4. Over C, corresponding results (and much more) were established by Sibony 
lfT6i §2.2]. Here, since A^(f7) is not locally compact in general, we give a different proof 
that is more algebraic in nature based on Hilbert's NuUstellensatz. We also give y+, V~ 
and c"^ , with precise estimates, so that they work well when we introduce the notion of 
good reduction in ^ 

Before proving Theorem l2.3l we show several lemmas. We begin by introducing some 
notation. Since /+ n/_ is empty, 0), . . . , Fn{X, 0), Gi(X, 0), . . . , Gn{X, 0) have 

no solutions in common other than 0. Thus, for each 1 < i < A^, there are polynomials 

Pij{X), Qij{X) e n\X] for 1 < j < iV such that 

N N 

(2.1) Q) + Y. Qrj {X)G, {X, 0) = Xr 

with some m > 1. Hence there is a polynomial Ri {X, T) G i^[X, T] such that 

N N 

(2.2) (^)^j- ^) + E (^)^j- ^) + ^) = ^r- 

Here we may and do assume that m is independent of i. Replacing Pij {X) by its homoge- 
neous degree m ~ d part, Q.ij{X) by its homogeneous degree m — d^ part, and Ri{X, T) 
by its homogeneous degree m — 1 part, we may and do assume that the {X), Qij (X) 
and Ri{X,T) are homogeneous polynomials with degree m — d, m — d^ and m — 1, 
respectively. 

Let C' be the maximum of the absolute value of all the coefficients of Pij {X), Qij (X) 
and Ri{X, T) for 1 < i < iV and 1 < j < N. We set 



(2.3) 



C = max{C", 1}. 
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We fix real numbers e > 0,6 > satisfying 

(2.4) £ < ^ i' (e^)'' ^ and (eC)''- < S. 

Since C > 1, we have < e, S < 1. For example, we can take 

(2-5) e = ^^J,^^ ^ and 5 ^ 



(^min{d,d_} (^min{!i,(i_ }(min{d,(i_ }-l) ' 

We define and ^5+ by 

(2.6) -.^ {x e {n) |l<e||a;|| and max{|l/(x)l|, 1} < <5max{l|xf , 1}} , 

V+:^A^in)\Nl. 
Remark 2.5. We set 

Nt - {{x : t) e F^{n) I \t\ < e\\x\\ and \\iFix,t),t')\\ < 5\\ix,t)\f} . 



and \\{F{x,t),t'')\\ = 0, so we have 



Then = iV^^ n A^(f7). If (x : i) £ /+, then i = and F{x, t) = 0. Thus \t\ = 



1+ C A^t- 



Intuitively, points in Ng'^ are near to the hyperplane {{x : 0) £ P^(ri)} at infinity (mea- 
sured by e), and also near to /+ in "the direction of x" (measured by S). 

Lemma 2.6. ) C . 

Proof. Taking the complement, it suffices to show that 

r\N+JCNl. 

Suppose that x — (xi, . . . , xn) £ Ng'^. Without loss of generality, we may assume that 

|xi| = ||x||. We note that /(x) - {Fi{x,l), . . . , Fn{x,1)) and f-\x) = (d (x, 1), . . . , G^v(x, 1)). 
Since e < 1, we have l|a;|| > 1. Then the definition of Ng'^ gives 

(2.7) - < \\x\\, 

e 

(2.8) \\f{x)\\<5\\xt. 

We need to show that f~^[x) £ Nf^, which is equivalent to 

(2.9) l<e\\r\x)l 

(2.10) max{||x||, 1} < 5max{||ri(.T)f , 1}. 

First we show ( |2.9l l. To derive a contradiction, we assume that ||/~^(.t)|| < K Let A > 
be any small number We have 

N N 

Pijix)F,{x, QiA^)Gj{^, 1) + Ri{x, 1) 

<max|c||x||™-''-<5||x||^ (C + A)||x|r-^- i (C + A)||x|r-i 

<max{C7,5||x||", (C + A) ||x||™-'^-+\ {C + X)\\x\r-^] (fromtO) 
< max{C(5||xir, (C + A)||xH™-i} (since d_ > 2). 
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Since A > is arbitrary, i2.2i and the assumption that \xi\ — \\x\\ then gives either 
||a;|r < C'||x||™-i or < C(5||a;||''". Equivalently, we have either ||a;|| < C or 

1 < CS. However, the former contradicts with ( 12.41 ) and ( I2.7l l. while the latter contradicts 
with ( |2!4] |. Hence we get ( IZ9] ). 

Next we show dTTOl i. Since ||a;|| > 7 > 1 from (|2J| and \\f~'^{x)\\ > 7 > 1 from 
(I2.9I 1, the condition (12.10b is equivalent to ||a;|| < (5||/^^(x) ||''. To derive a contradiction, 
we assume the contrary, i.e., ||a;|| > (5||/^^(a;)||'^. Letting A > be any small number, we 
have 

N N 

J2 PiAx)F3{x, l)+Y, Qio{^)Gj{x, 1) + Ri{x, 1) 

< max jcilxll"-'^ • 5\\x\\\ [C + \)\\xr-'- ■ ' \\x\\^ , {C + A)||a:|r"-i| 
<max|c5||a;||"\ (C + A) (C + A)||x||"-i | 

< max J C6\\x\r, {C + A) Q j ' ||x|r"-i I (since d--^> 1). 



Since A > is arbitrary, ( 12.21) and the assumption that | = gives this time 
either \\x\\ < (I] " C or 1< CS. 



However, the former contradicts with (12.41 ) and (I2.7l i. while the latter contradicts with i2.4i . 
Hence we get (I2.10l i. which completes the proof. □ 

Lemma 2.7. SetCj^ := min{5, e'*}. Then 

max{||/(j;)||,l} > (7^+^ • max{||xf , 1} for all x e V^^. 
Proof. For x G V/'^, the definition of gives 

either < - or max{||/(a;)||, 1} > (5max{||a;||'', 1}. 

If the latter holds, then we get the assertion since S > C/^. If the former holds, then 

C^^ell^^ll'' ^ 1- Noting that C^^ < 1, we get max{||/(a;)||, 1} > 1 > C^^ •max{||a;f , 1}. 

□ 

Lemma 2.8. Setc^^ := ^j^logC_^_^. Then 

Gf{x)> log+ 1 1 a; II + 4^ for all x G Vg+. 

Proof. Suppose x £ V^^. It follows from Lemma lZ6l that /"(x) £ V^^ for all n> 1. 
Then Lemma lZT] gives 

iog+ iir(.T)ii > diog+ iir-i(x)ii + iogc+ . 

The usual telescoping argument tells us that 

Gfix)= lim llog+||r(x)|| 
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= iog+ 1|:.|| + ^ - (iog+ iir(x)ii - diog+ iir-i(x)ii) 

n=l 

>log+||x||+c+,. 

This completes the proof. □ 

With /^^ in place of /, we define A^^^ and Vg'^ by 
(2.11) 

N^^ := {x e A'^ {n) I 1 < ellxll and max{||/"\x)||, 1} < (5niax{||xf 1} } 
y,7,:=A^(f7)\7V,-. 

Then, setting cj^ d^-i ^"-"S niin{(5, e^^^ }, we have 

(2.12) G/-i(a;) >log+||xl|+c^, for all a; e F^;,. 

Lemma 2.9. Vg+ U Vg-^ = A^{Q). 

Proof. Taking the complement, it suffices to show that iV^^ n Ng^ — 0. To derive a 
contradiction, we assume that there is an x G Ng~^ n N^^. Then we have 

(2.13) > - 

e 

(2.14) max{||/(a;)||, 1} < 5max{\\x\f, 1} 

(2.15) max{||/-i(x)||,l} < (5max{||a;f 1} 

Without loss of generality, we assume that |a;i| = Let A > be any small number 
By ( irT3] i- (|ZT5] l, we have 

N N 

J2 Pij{^)FA^, 1) + II Qij{x)Gj{x, 1) + Ri{x, 1) 

<m^x{C\\x\r~''-S\\xf, CWxir-''- -SWxf-, (C + A)||xl|™-i} 
< max{C(5||a;|r", {C + \)\\x\\"'-^} . 

Since A is arbitrary, it follows from ( |Z2] i that either ||a;||" < C(5||x||™ or ||a;||™ < 
C||a;||™^"'". Hence we get 

either 1 < C5 or ||x|| < C. 

However, the former contradicts with i2Ai . while the latter contradicts with (|2.4| i and 
(IzTjI i. Thus we have n N^'^^ = 0. □ 



Proof of Theorem \2.3\ Let S and e be constants satisfying ( I2.4l i. Then Theorem 
holds with — V^^ and — cf^. Indeed, the condition (i) follows from Lemma IZSl 
and the condition (ii) from ( 12.121 ). while the condition (iii) follows from Lemma |Z91 □ 
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3. NON- ARCHIMEDEAN GREEN FUNCTIONS AND THE SET OF ESCAPING POINTS 

In this section, we continue to study some basic properties of regular polynomial auto- 
morphisms defined over f2. We keep the notation and the assumption of ^ In particular, 
/ : denotes a regular polynomial automorphism of degree d > 2 defined over 

n. 

In analogy with the field of complex numbers, we define the set of escaping points 
and the set IC^ of non-escaping points by 

W+ {x e A^{n) I ||r(a;)|| ^ +oo (n ^ +oo)}, 
IC+ {x e A^(r2) I {/"(a;)}+ro is bounded with respect to || • ||} 

Then the following theorem holds, which is a non-archimedean version of the results of lU 
§§2-3] and 116, §2]. 

Theorem 3.1. Let f : — > be a regular polynomial automorphism over 57, and let 
Gf be the Green function for f. 

(1) The set /C+ is exactly the set of points where Gf vanish: 

IC+ = {xeA^{n) \Gf{x)^Q}. 

(2) A^{n) ^W+U)C+ (disjoint union). 

To prove Theorem l3.1l we need the following two lemmas. Recall that 6 and e are fixed 
constants satisfying ( I2.4l i. 

Lemma 3.2. For any x G N^^, one has \\x\\ < |||/^"^(a;)||- 
Proof. It follows from x G Nt^ that 

o, 2 

(3.1) \\x\\>-^ and \\f{x)\\<S\\xr. 

To derive a contradiction, we assume that ||x|| > |||/^^(a;)||. Without loss of generality, 
we assume that |a;i| = ||a;||. Then (we take X — G here) 

Af N 

Pij{x)Fj{x, l)+Y, Qi,{x)G,{x, 1) + Ri{x, 1) 

< max{C||a;|r"-''-^||a;f , C||a;|r"-''- -211x11, 2G\\x\r-^} 

< max{C(5||a;|r, 2G\\x\r-^} . 
Using ( |2.2| i, we get 

either 1 < CS or ||a;|| < 2G. 

However, the former contradicts with ( 12. 4t . If the latter holds, then Eqn. ( 13. It implies 
1 < Ge, contradicting with ( 12.4b . This completes the proof. □ 

Lemma 3.3. For any x £ A^(f2), one has /"(a;) G V^^e, for all sufficiently large n. 

Proof. Note that | , S satisfies i2.4i with | in place of e. Thus, if a: G V^^ , then 
Lemma l2!6l gives f^^{x) G V^^ for all n > 0. 
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Suppose now that x G ■ We take a positive integer no so that ||a;|| < 



2"0 + i 



We 



claim that /"« (a;) e V^^. Indeed, if we assume the contrary, then Lemma IX2l applied to 

X, . . ■,P°{x) e Nl^, gives 

l<\\mx)\\<l\\n-H^)\\<---<^M, 

which contradicts with our choice of no. Thus /"(x) G Vg^E_ for all n > no. □ 

Proof of Theorem\3l\ (1) From DefinitionO we get IC+ C {x e A^(fl) \ Gf{x) = 
0}. To show the other inclusion, we assume that Gf{x) = 0. Then Gf{f"{x)) — 
d"Gf{x) = for all n > 0. By Lemma |331 we take no such that f""{x) e V/.. It 
follows from Lemma IZ61 and Lemma lZSl (applied to f in place of e) that 

G/(r(x))>iog+iir(x)ii + c+j 

for all n > no. Combined with G/(/"(a;)) 0, we see that ||/"(.t)|| < exp (-c||) for 
alln > no. Thus {x £ A^{n) \ Gf{x) = 0} C /C+. 

(2) If x ^ /C+, then Gf{x) > by (1). Definition O then gives ^ +oo as 

n +CXD. □ 

With /^^ in place of /, we put 

W- := {x e A^(r!) I ||/-"(a;)|| ^ +oo (n ^ +oo)}, 
K,- {x e A^(f7) I {/""(a;)}+ro is bounded with respect to H • ||} 

Then we have A^(r2) = W^- U /C" as in TheoremITT] 

In the rest of this section, we give filtrations of A^ relative to / over non-archimedean 
fields, as in Bedford-SmilUe |[1] §2.2] and [[Bl §3] over C. 

We set 

1 

e 
1 



X e K^{n) 
X e k^{n) 



WxW < 



X > 



?ind\\f{x)\\>5\\xf 



\\x\\>-^nd\\fix)\\<S\\xr 



where S and e are constants satisfying ( I2.4l i. 

Since e < 1 and 4r > C"* > 1 by dMli, we have 



|a;|| > i andmax{||/(x)||,l} > (5niax{||a;||, , 



SO that Bs,e n Ug'^ 

Proposition 3.4. We assume that e and 5 satisfy 
(3.2) 

in addition to ( |2.4| l {For example, if we take e and 5 as (|2.5l l, then they also satisfy ( 13.21 )). 
Then we have the following. 

(1) K^{n) = n C/+_^ n U^^ (disjoint union). 

(2) /(c/,+ ) c c/,+ w n C/+J c B,- , n c/,+ . 



e"^^^ < S and e'^-~^ < 6 
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(3.4) U^^ = i^x e A'^Q) 



(3) rHUi^e) ^ Ui^e andr\Bs,e n C/,- ) C Bs,e U C/^- . 
Proof. (1) This is obvious from the definition. 

(2) Since Bs^^ E J7+^ = 1/+^, we have f{Bs,e U C/^+ ) C Bs^^ E by LemmalZ6l 
Suppose that x G t//^. Then 

(3.3) \\f{x)\\>6\\xr>-^>-, 

where we have used (13.2b in the last inequahty. Also, since x G C Vj+ , we have 
/(x) e by LemmaES] Since /(x) ^ B^,, by (O, we get f{x) G \ Bs^, = 
Hence C [/,+ . 

(3) We put 

||x|| > ^and||ri(x)|| ><5||xr- 

||x|| > i andniax{||/"i(2;)||,l} > (5max{||x||, l}'^- 

where the second equality follows from p- > C^- > 1 by ( |2.4t . Then as in (2), we have 

f~^{U^.e) ^ Ul^- Since U Ug^^ = ^^^7^, Lemma[22]implies that C/^;^ C t/^;^. 
Suppose that x G [/^^. Then 

r\x)er\ui^)'zr\ui^)^ui^. 

In particular, ||/"^(a;)|| > -, so that f^^{x) ^ Bs.e- On the other hand, since x ^ Ug'^ 

and /(C/+J C , we get /"^(a;) ^ C/,+ . It follows that G U^,, = A^(f^) \ 

n C7+J. We conclude that f-\Us ,) C {/^- . 

Next we show f-^Bg., E C/^- ) C Bg^, U U^^. Since [/+^ = {ft) \ {Bg^, E C/^- ), 

it suffices to show that f^^{U^^) 3 J//^. This inclusion is obvious from f{U^^) C U^^. 

' □ 

Proposition 3.5. We assume that e and 5 satisfy 

(3.5) e"^-^ < 6 and e^^-^^ < S 

in addition to (I2.4I I. Then we have the following. 

(1) u:ror"(^.+ ) = w^+- 

(2) utznug-j^w-. 

Proof. (1) We set r := > 1. We first show that U^^ C W+. Indeed, if x G U^^, 
then 

\\fix)\\>5\\xf>^-^r-. 

Since f[U'g^) C J//"^, we inductively get > r <i-^ ^ for all ti > 0. Hence 

a; G W^+. This completes the proof of C//^ C W+ . Since /^^T^^) = W^^' we get 

/-"(f/^T^s) ^ for all n > 0, so that IJ^^ro f~"{Ul^) ^ 

ToshowtheotherinclusionU;^ro/""(f^5te) - T^+, suppose that a; ^ U^^o /""(^^ate)- 
We need to show that x G /C+. Since /"(x) ^ [//"^, we have either /"(x) G Bg^e or 
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Case 1: Suppose that there is an no > such that /""(x) G Bs^e- Then /"o+i(a;) £ 
Bs^e U by Proposition[331:2). Since P°+^{x) ^ , we obtain e Ba,^- 

Inductively, /"(a;) € for all n > uq, so we conclude that x G /C+. 

Case 2: Suppose that /"(a;) G ?7^g for all n > 0. By Lemma [331 there is an no > 
such that /"(x) G V/e for all n > no. Then for all n > no, we have 

rix) G n C/,r^ C G A^(f}) 1 < ||y|| < J 

Hence x G /C^. 

In both cases we have x G /C+, so we get IJ^^ /^"(C//^) I) 1^+. 

(2) Let U^^ be the set defined by dSH) . Then the argument in (1) gives PiUg^) = 
M^^, and so IJra:^/"(^(re) — To show the other inclusion, suppose that x ^ 

U;^ro r{Us,e)- Then we have either /""(x) G 5^,^ or /-"(x) G (75+. 

Case 1: If there is an no > such that /^"° [x) G i?5,e, then the argument of Case 1 
of (1), together with Proposition l3.4f 3). gives /^"(x) G Bs.e for all n > no. 

Case 2: Suppose that /""(a;) G L//^ for all n > 0. 

then the argument of Case 2 of (4), together with Lemma [33] with /^^ in place of /, 
gives i < 1 1 a; 1 1 < | for sufficiently large n. 

In both cases, we get x G /C". Hence U^jfo PiUsJ ^ ° 

Remark 3.6. If we take 

< e < and (5 = 



(^min{rf,d_} (^min{d,ii_ }(min{rf,(i_ }- 1) ' 

then they satisfy both ([24] i and ( [331 ). 



4. Regular automorphisms having good reduction 

In |[T4l . Morton and Silverman introduced the notion of having good reduction for en- 
domorphisms of over Vl, which has been useful in studying endomorphisms of over 
a global field. For endomorphisms of P^ having good reduction, see, for example fS^, Re- 
mark 12] and 19J. In this section, we introduce the notion of having good reduction for 
regular polynomial automorphisms of over Vt. This notion will be useful in studying 
regular polynomial automorphisms over a global field in §©^7] 

As in ^ i? denotes the ring of integers of Vl. Let M be the maximal ideal of R, and 
k := R/M the residue field. Note that k is algebraically closed since Vl is algebraically 
closed. 

Definition 4.1 (good reduction). Let / = (/i, . . . , /^v) : — > A^ be a regular polyno- 
mial automorphism over an algebraically closed field Vl with non-trivial non-archimedean 
absolute value, and let /^^ = (gi, . . . , g^) ■ A^ denote its inverse. We write d 

and d- for the degrees of / and /^^, respectively. We say that / has good reduction if the 
following three conditions are satisfied. 

(i) / extends to the polynomial automorphism / : A^ A^ over R, meaning that 
both A (^2, . . . , MX) and gi{X),... are in R[Xi, . . . , Xn]. 

(ii) Let / = (/i, . . . ,/jv) : A^ ^ Af and /"i = (gi, . . . : Af ^ A^e the 

induced polynomial automorphisms over k. Then the degrees of / and /^^ are 
equal to d and d-, respectively. 
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I = {reR 



(iii) / is regular (cf. Remai'k l272] i. 

We give some equivalent conditions for regular polynomial automorphisms / to have 
good reduction. As in IT] let Fi{X,T) and Gj{X,T) be the homogenization of fi{X) 
and gj{X). If Fi{X, T) and Gj{X, T) are defined over R, we denote by F,{X, T) and 
Gj {X, T) their reductions to k. Let p : R khe the natural map. 

Proposition 4.2. Let f be a regular polynomial automorphism ofA^ over f2. Assume that 
f satisfies the conditions (i) and (ii) of Definition \4.l\ Then the followings are equivalent. 

(1) / has good reduction, i.e., f also satisfies the condition (iii) of Definition \4.l\ 

(2) As ideals in R[Xi, . . . , Xj^, T], one has 

(Xi, . . . , Xjv, Tf C {Fi{X, T),...,Fn{X,T),Gi{X,T),..., Gn{X, T), T) 

for some integer k >\. 

(3) As ideals in R[Xi, . . . , X^], one has 

(Xi, . . . , XnY C 0), . . . , FNiX, 0), Gi(X, 0), . . . , Gn{X, 0)) 

/or some integer i > I. 
Proof. (1) =4> (3): It suffices to show that 

(4.1) (Xi, . . . , XnY C {Fi{X, Of- , . . . , Fjv(X, 0)''- , Gi{X, Of, . . . , Gjv(X, 0)'^) 
for some £ > 1. We set 

There is an £ > 1 such that 
r (Xi, . . . , XnY C O)'^- , . . . , Fjv(X, 0)'^- , Gi(X, 0)^ . . . , Ga,(X, 0)'') 

Since / is regular, / is a non-zero ideal of R. 

We claim that p{I) ^ 0. Indeed, suppose that p{I) = 0. Then the elimination theory 
(cf. Theorem 6]) tells us that there is a point x — {xi : . . . : x„) G P^~^(fc) such 
that Fi{x, 0) = and Gj{x, 0) = for all i and j . Since / satisfies the condition (ii), 
Fi{X, T) and Gj {X, T) are homogenization of fi and (fj, respectively. Then the existence 
of such an X G P^~^(fc) contradicts with the condition (iii). Hence we get the claim. 

Since p{I) ^ 0, there is an r G / such that r E R^ = R \ M. Then I — R, and we 
obtain Eqn. (14.1b . 

(3) =^ (1): The assumption of (3) gives, as ideals in k[X], 

(Xi, . . . , XnY C 0)), . . . , p{FNiX, 0)), p(Gi(X, 0)), . . . , p{Gn{X, 0))) . 

Since p{Fi{X, 0)) = Fi{X, 0) and p{Gj{X, 0)) = CfjiX, 0), we obtain that / is regular. 

(2) =^ (3): We have only to put T = 0. 

(3) =4> (2): It suffices to show that, for any a = 1, . . . ,N, there are an integer fc > 1 
and polynomials Pi{X, T), Qj{X, T) and R{X, T) defined over R such that 

N N 

(4.2) X^c. = Y. T)F{X, T) + Y, Qj {X, T)G, {X, T) + TR{X, T). 

i=i j=i 

By the assumption of (iii), there are an integer £ > 1 and polynomials Pi{X), Qj(X) 
defined over R such that 

N N 

= ^ P. {X)F{X, 0) + J2 Qj iX)Gj {X, 0) . 
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We set k := £, P^{X, T) P^{X) and Qj{X, T) Qj{X). Then 

N N 

- ^ P. (X, T)F{X, T) - ^ Q, {X, T)G, {X, T) 
i=i j=i 

is a polynomial in R[X, T], which is divided by T. Hence there is a polynomial R{X, T) 
in R[X, T] satisfying Eqn. g^ll. □ 

Suppose now that a regular polynomial automorphism / has good reduction. By Propo- 
sition l4!2l for each 1 < i < N , there are polynomials Pij{X) and Qij{X) in R[X] that 
satisfy (12.1b . Then the polynomial Ri{X,T) in (12.2b is also defined over R. Then the 
constant C in (12.3b is equal to 1. This means that e = 1 and 6 — 1 satisfy (12.4b . It follows 
that, when / has good reduction, G/ and log"'' || • || are related simply. 

Proposition 4.3. Suppose that f has good reduction. Then 

(1) Gf{-) < log+ II • II andGf-i{-) < log+ || • || on {il). 

(2) \og+\\-\\<Gf{-)onV+„log+\\-\\<Gf-i{-)onV,-„andA^{n) = V+,UV,:,. 

Proof. (1) Since the fi{X) are defined over R, in the proof of Lemma [T3] we may 
take r = 1, so that c/ = 1. Then G'/(-) < log+ || • || on A^(f7). The estimate for Gf-i is 
similar 

(2) Since e = 1 and J = 1 satisfy (|231), Lemma |22] gives A^(17) = U The 
constant c^-^ in Lemma IZSl is equal to 0, so we have log'^ ||a;|| < Gf{x) for all x G V^-^^. 
The estimate for Gf-i is similar □ 



5. Green functions for regular automorphisms over C 

In this section, we remark that the proof of Theorem l2.3l gives a different proof (more ex- 
plicit and without compactness arguments) of the corresponding estimates of Green func- 
tions over C 

We write the usual absolute value of C for | ■ |oo> and we set ||a:;||oo := niaxi{|a;i|oo} for 
x= {xi,...,Xn) G A^(C). 

Let / = (/i, • . . , /jv) ■ be a regular polynomial automorphism of degree 

d> 2 defined over C. Then the Green function for / is defined by (see 1161 §2]) 

(5.3) Gf{x):^ lim i- log+ H/" (a;)|| for.TeA^(C). 

Let ll/lloo be the maximum of the absolute values of all the coefficients of fi{X) for 
1 < z < AT, and we set c/.^c^ = ^ logmax { ||/|U,, l}. Note that 
is the number of monomials of degree d in the ring of homogeneous polynomials in N 
variables. Since 

log+ ||/(x)|| < dlog+ ||/(x)|| + log max { " ^) H/IU' l} > 

we get 

(5.4) G/(x) < log+ ||a;|| +c/,oo for any x 6 A^(C). 

Let P,j{X),Q,^{X) e C[X] and R{X, T) e C[X, T] be polynomials satisfying ( |Z2] |. 
As before, we may and do assume that the Pij{X), Qij{X) and Ri{X,T) are homoge- 
neous polynomials with degree rn — d,m — d- and m — 1, respectively. We write ||-Pl|oo 



16 



SHU KAWAGUCHI 



for the maximum of the absolute values of all the coefficients of Pij{X) for 1 < z < 
and 1 < j < A^, and we write ||Q||oo, ||-R||oo similarly. We set 

(fN + m-d-l\ /^^ + '"-'^- - Aiinil fN + m 

We put 

We fix real numbers e > 0,S > satisfying (12.4b with Coo in place of C. We define N^^ 
and by ( 12.6b and ( 12.111 ) with C in place of fl. Then, exactly as in Theorem 12. 31 we 
have the following. 

Theorem 5.1. / : — > a regular polynomial automorphism over C. Then 

(i) G/(.)>iog+M| + c+,o«y,+ . 

(ii) G/-i(-)>log+M|+V^ony,-. 

(iii) U^,- = A^(f^). 



6. Global theory of regular automorphisms 

From this section, we turn our attention to regular automorphisms over a number field. 

Let K be a number field, and Ok its ring of integers. We fix an embedding K C K into 
an algebraic closure. Let AIk be the set of absolute values on K. We extend the absolute 
values on K to those on K. 

Let L be a finite extension field of K. For x G A^(L), we define 

(6.1) h{x) = ^ n„log+ ||a;l|„, 

where n„ = ^\l-k]^ ■ gives rise to the logarithmic Weil height function 

h : A^(K) R. 
For more details on height functions, we refer the reader to ll2ll6l [T0l . 

Let / : A^ be a regular polynomial automorphism over K (cf. Remark |272] |. 

If the coefficients of / are all defined over K, then we say that / is a regular polynomial 
automorphism over K. 

Lemma 6.1. If f : A^ is a regular polynomial automorphism over K, then the 

coefficients of f^^ are also all defined over K. 

Proof. We take a finite Galois extension field L of K such that the coefficients of 
/^^ are elements of L. For every a G Gal{L/ K), the uniqueness of the inverse gives 
(/~^)°^ = Thus the coefficients of /^^ are in fact elements of K. □ 

In Q, we constructed (global) canonical height functions li^ and hj for polynomial 
automorphisms / over K, under the assumption that there exists a constant c > such that 

(6.2) ^h{f{x)) + j-hif-\x)) >(^1 + h{x) - c 

for all a; e A^{K), where (iandd_ denote the degrees of / and /~^. (We showed in op. c/f 
that ( 16.21 ) holds for regular polynomial automorphisms in dimension iV = 2 by a global 
method, i.e., a method using the effectiveness of a certain divisor on a certain rational 
surface.) 
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In the following, using properties of local Green functions studied in the previous sec- 
tions, we will first construct in Theorem l6.3l (global) canonical height functions /i^ and hj 
for regular polynomial automorphisms. Indeed, we will construct h'j and hJ as appropri- 
ate sums of local Green functions. Then, we show local versions of (16.2b for all places v, 
and summing them up we will obtain (|6.2| i for regular polynomial automorphisms in any 
dimension iV > 2 in Theorem |7.1| 

For a finite set S of that contains all the Archimedean absolute values of K, we 
denote by {Ok)s the ring of ^'-integers: 

{Ok)s = {xeK\ \\x\\^ < 1 for all v ^ S}. 

Proposition 6.2. Let f : be a regular polynomial automorphism of degree 

d > 2 over a number field K. Then there exists a finite set S of Mk that contains all the 
Archimedean absolute values of K with the following property: For all v ^ S, f induces 
the regular polynomial automorphism over that has good reduction. 

Proof. We write f = {fi, . . . , Jn) and let F,{X, T) G K[X, T] be the homogeniza- 
tion of fi. Let denote the degree of /^^ = {gi, . . . , g^), and in virtue of Lemma |6?T] 
let Gj{X, T) € K[X, T] be the homogenization of gj. Then there are an integer m and 
homogeneous polynomials Pij{X) £ K[X] of degree ni — d, Qij{X) G K[X] of degree 
m — d^, and Ri{X, T) e K[X^ T] of degree m — 1 such that (12.21 ) holds as polynomials 
\nK[X, T]. 

We take a a finite set S of Mk that contains all the Archimedean absolute values of K 
with the following properties: 

(i) The coefficients of T), G, (X, T), (X), Q,j {X), Ri {X, T) are all in (Oa')s- 

(ii) For V ^ S, we denote by p„ : {Ok)s kv the natural map, where ky is the 
residue field of (Ok Thendeg(/) = deg(/3„(/)) anddeg(/"i) = deg(p„(/"i)). 



Then for any v ^ S, f Xk : A^ satisfies the properties (i) and (ii) of 



^k: ^k: 

Definition |4T| and (iii) of Proposition |4.2| Hence / x/f Kv has good reduction. □ 

Theorem 6.3. Let f : A^ — > be a regular polynomial automorphism of degree d > 2 
over a number field K. Let d- > 2 denote the degree of f~^. 

(1) For all X G A^(^), the limits 

lim ^hif^ix)) and lim 

exist. We write h^{x) and hJ {x)for the limits, respectively. 

(2) {Global-to-local decomposition) For each place v G Mk, let Gf^y and G f-i,^ be 
the Green functions for f and at v, respectively. Then, for all x G A^ (K\ 
one has 

h'j^{x) = nyGf^v{x) and hJ (x) = nyGf-i y{x) 

vGMk vGMk 

(3) We define hf : A^ (K) M. by 

hf := + hJ . 
Then hf satisfies the following two conditions. 

(1) ^^/°/ + ^^/°r^-(i + ^)^/-A-®. 
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(ii) hf X hon A^(X). 

(4) The function hf has the following uniqueness property: If h' : (K) — > R /i a 
function satisfying the condition (3-i) such that h' — hf + 0{1), then h' ^ hf. 

(5) The functions h^, hj and h f are non-negative. Further, for x G [K), we have 

hf{x) = <;==> h^-{x) = <;==^ h'J{x) = X is f -periodic. 

Proof. For each v G Mj^, we have estimates of Green functions for / at w as in 
Lemma [L3] and Lemma IZSl We use the suffix v when we work over the absolute value 
V G Mk. For example. Green function for / at t; is denoted by Gf^y and constants Cf,cfg 
in Lemma [T73l Lemma IZSl and ( I2.12l i are denoted by c/_«, c^g ^ respectively. 

Let S* be a finite subset of Mk in Proposition |621 



(1)(2) We fix X G (K). We will show the existence of h'j{x) and the decomposition 
h'^{x) ~ J2veMK n'vGf^v{x). The existence and decomposition for hJ {x) are shown 
similarly. 

For V G Mk and n > 0, we set 

Gtjx) :=i-log+||r(a:)||.. 

Then we have 

• < Gj„(a;) < log'*' + c/^„ for all v G Mx and n > from Lemma [T3] (or 



its proof) and Eqn. ( 15.41 ). 

• lim„^+oo Gtni^) = Gf,v{x) from Definition lL2l and Eqn. ( 15.3b . 

• j,h{f^{x)) = E.eA/^ n,G+„{x) from Eqn. dO- 

• We may take c/_t, — for any v ^ S from Proposition 14. 3 1 and Pi'oposition l6.2l 

• J2veMK ""(log"^ W^Wv + Cf,v) = h{x) + J2veS ^v^f.v < +°°- 

Lebesgue's dominant convergence theorem then impUes that X^^sMjc ^^i'^ttn(^) 
verges as n ^ +oo and that 

n— ►+00 a n^ + oa ' 

vGMk 

= lim n„G+„(a:) = nyGf^y{x). 

This completes the proof of (1)(2). 

(3)(4)(5) First we have 
(6.3) 

^fi^)= E + ^ n^Gf-i^y{x) 

< ^ ni,(21og+ ||x||„ + + C/-i^„) = 2/i„t,(a;) + ^ nt,(c/,„ + C/-i^^,). 

v£Mk v&S 

On the other hand, we have 

• min{c+^-^^, c^_5 ^}+log+ ||x|| < G f „(x)+G f-i „(x) fromLemmal2.8l Eqn. (12.12b 
and Theorem l5. ll 

• For any u ^ 5, we may take e — 1,6 = 1 and minjcj^j^ v^'^iiv} ^ from 
Proposition 14. 3 1 and Proposition |62] 
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Then 
(6.4) 

hf{x) = ^ nyGf^v{x)+ ^ n„G/-i„(a;) 

vEMk vEMk 

> n„ (log+ + mm{c+5 „,c^5^„}) = /i„^,(x) + ^ n„ min{c+^- c^^^- 

vgMk ves 
Eqns. (|63J and dgS give (3)(ii). For the rest of the proof, see HT] Theorem 4.2(2)(3)(4)]. 

□ 

Remark 6.4. Theorem Ol) shows that {-j^hiPix))}^^^ and {^/i(/-"(a;))}+^o are 
convergent sequences, which gives an improvement of |7|, since we replace limsup by 
lim in the definition of h^. 

We now introduce another function 
(6.5) hf{x) :— TT-t, max{G'/_t,(x), 

v^Mk 

for a; G h.^ [K). The next proposition shows that h j also behaves well relative to /. 

Proposition 6.5. {\) hf = h + 0{l) on (K). 

(2) For X e A^{K), we have hf{x) — if and only if h f (x) = 0. 

Proof. ( 1 ) We use the notation of the proof of Theorem l6.3l By Lemma [T73l Eqn. ( I5.4l i. 
Lemma |278l Eqn. ( |2.12| l and Theorem |5.1| we have 

log+ \\x\\v+T^in{c^^g^^,c^g J < ma.x{Gf^v{x),Gf-i^y{x)} < log+ ||a;||i,+max{c/,„, C/- 
Summing up over all places v, we get 

h{x) + ^ Uy m.in{c^ g^^, c~ g^^} < hf{x) < h{x) + ^ n„ max{c/,^, C/-i_„}. 

Since we have Cf,y = Cf-i^ = g ^ = c~g ^ = except for finitely many v (indeed for 
every v ^ S), this gives the assertion. 

(2) Since Gj^y and Gj-i „ are non-negative functions, we see that hf{x) = if and 
only if Gf^y{x) — Gf-i y{x) — if and only if hf{x) — 0. □ 

7. Arithmetic properties of regular polynomial automorphisms 

In this section, we give some applications of local and global canonical height functions. 
The first application is the following theorem on the usual height function (see Q §4], ifTSl 
Conjecture 3], ||T9l Conjecture 7.18]), which is independently obtained by Lee fTri via a 
different method (via a global method based on the effectiveness of a certain divisor as in 
the case of = 2in |7 |). 

Theorem 7.1. Let f : be a regular polynomial automorphism over a number 

field K. Let d and d_ be the degrees of f and f^^. Then we have the following. 
(1) There exists a constant c > such that 

\h{f{x)) + j-h{f-\x)) >[l + ^ h{x) - c 
for all xe A^(K). 
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(2) One has 

^^■^^ liminf — = 1 + — . 

x(iik^(K) n[x) dd- 

h{x) — >oo 

Proof. (1) We set 

Gf^v -.^ max{Gf^v,Gf-i^y}. 
Claim 7.1.1. For all x G {K), we have 

(7.2) \GsA^{^)) + > (^1 + G/.„(x). 

We first show that Claim ITTTT] implies (1). Indeed, we assume Claim ITTTI Then 
summing up over all v, we have 

(7.3) -~KJ{^)) + j:^^r\x)) > (^1 + h(x). 

Since /i/ = /i + 0(1) by PropositionlOll). Eqn. yields (1). 

Recall that G/ „ and Gf-i ^ are non-negative. We will show ( I7.2l i according to the 
four cases: -j^G f,v{x) ^ Gf-i y{x) and -j^G f-i y{x) ^ Gf^v{x). The first case treats 
(>,<), and then (<,<), (>,>) and (<,>) in this order 

Casel: Suppose that ^j^G/^„(a;) > G^-i_„(a;). It follows that G/_„(a;) > dd-Gf-iy{x) > 

-j^Gf~i y{x). In this case, we have 

G/,„(/(x)) = max{G/,,(/(a;)), Gf-.^ix))} 

= max |dG/,„(a;), -^G/-i^„(x)| = dGf^^ix), 

and similarly 

= max{G/,„(/-i(a;)), G/-i,.(/-i(x))} 

= max |iG/,t,(a;), (i_G/-i,„(a;)| = ^Gf^v{x). 

Further, the assumption j^G f^v{x) > Gf-i y{x) implies that Gf^v{x) > Gf-i^y{x). 
Thus Gf,v{x) ~ Gf^v{x)- Putting these together, we get 

Left-hand side of (O = ( 1 + -7^ ) G (x) = Right-hand side of ( |72l l. 



dd- , 

Casel: Suppose that G/^t, (a;) > ^^Gy-i_„(a;) and 2^G/^„(a;) < Gf-i^y{x). In 

this case, we have Gf,v{f{x)) = dGf^v{x) and Gf^v{f~^{x)) = d-G f-i^y{x). 

Subcase 2-1: Suppose that G/,^ (a;) > Gf-i^y{x). Then, using ^2—G/_^(a;) < Gf-i^y{x), 
we have 

Left-hand side of (|T2]i = G/,„(a;)+G^-i „(a;) - (^^ + <^i>(^) = Right-hand side of (|T2]i. 

Subcase 2-2: Suppose that G^-i^„ (a;) > Gf^y{x). Then, using G/^„ (x) > ^^Gy-i^^(a:), 
Left-hand side of (O = G/,„(x)+G/-i,^,(x) > [l + ^] Gf~^A^) = Right-hand side of (|T2ll. 
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Case 3: Suppose that G'/>(a;) < -^G f-i^jj{x) and -^Gf^y{x) > Gf-i^^{x). 

ThenG'/-i^i,(a;) < ^j^— G/,^(a;) < (^33—^ Gf-i^^{x). It follows that G/^^ (a;) — Gf-i^y{x) 
0. Then 

Gf,v{f{x)) ^ max {Gf^y if {x)),Gf-i^y{f{x))} = max |dG'/,„(a;), ^G/-i^„(a;)| = 0, 

and similarly we have Gf,v{f^^{x)) — and Gf^v{x) = 0. We get 

Left-hand side of = = Right-hand side of ( |T2] i. 

Case4: Suppose that G/,i, (a;) < ^^G^-i_„(a;). It follows that Gj-i„(x) > dd_Gf^y{ 
-j^G f,v{x). We can show ( I7.2l i as in Case 1, exchanging the roles of Gf^y and G/-i „. 
This completes the proof of Claim lTm hence the proof of Theorem lT.lT l). 

(2) From (1), we obtain 

lh{f{x)) + ^hif-Hx)) 1 

i™!'^* m > 1 + -ji-- 

£cGA"("K) n{x) dd- 

h{x) — >oo 

On the other hand, it is shown in Q Proposition 4.4] that, for any polynomial automor- 
phism / : A^, one has 

ih{f{x)) + j-h{rHx)) 1 

(7.4) liminl ^ -f- < 1 + 3:r ' 

2:GA"(if) n[x) dd- 

h[x) — ^oo 

Combining these two inequalities gives the assertion. □ 

Remark 7.2. It is shown in ||7J Theorem 4.4] that the equality ( 17. It holds in dimension 
N — 2 for regular polynomial automorphisms. Theorem |TTJ2) asserts that the equality 
holds in any dimension N > 2 for regular polynomial automorphisms. 



Theorem 16 . 3 [ recovers the following theorem of Marcello 1 12| on /-periodic points. 

Corollary 7.3 (|12]). Let f : — > A^ be a regular polynomial automorphism over a 
number field K. Then the set of f -periodic points in (K) is a set of bounded height. In 
particular, for any integer D > I, the set 

{x e A^(i?) I X is f -periodic, [K{x) ■.K]<D} 

is finite. 

Proof. By Theorem l6.3r 3-ii) and (5), hf satisfies hf h, and a point x G A^ (K) 
is /-periodic if and only if hf (x) — 0. Thus we get the assertion. □ 

For a non /-periodic point x, let Of{x) := {/"(x) | n £ Z} denote the /-orbit of x. 
We define the canonical height of the orbit O / {x) by 

whose value depends only on the orbit Of{x) and not the particular choice of the point x 
in the orbit by Theorem l6.3l The next corollary gives a refinement of [13. Corollaire B]. 
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Corollary 7.4. Let f : A —>■ A be a regular polynomial automorphism over a number 
field K. Let d and d- be the degrees of f and f^^. Then for any infinite orbit Of{x), 

G 0/(a;) I %) < T} = + logT -h{Of{x)) + 0{l) 

as T ^ +00. Here the 0(1) bound depends only f, independent of the orbit Of{x). 
Proof. Since / satisfies (17.31 ). we apply 17] Theorem 5.2]. □ 

In the rest of this section, we consider some global-to-local arithmetic properties. Sup- 
pose that / is a regular polynomial automorphism. By Theorem 16. 3r 2)(5'). x £ (K) 
is /-periodic if and only if Gf^v{x) = for all v G Mk- By Theorem 13. II for non- 
Archimedean V and (W, §2] for Archimedean v, G f^y {x) = is equivalent to {/" (x) 
being bounded with respect to || • H^,. Thus we see that x G A^ (K) is /-periodic if and 
only if {/"(a;)}+^ is bounded with respect to || • ||„ for all v G Mk- 

This actually holds for any polynomial map / (cf. 13] Corollary 6.3] for N = 1). 

Proposition 7.5. Let f : A^ A^ be a polynomial map over a number field K. For 
X G A^ (K), the following is equivalent. 

(i) X is f -periodic. 

(ii) For every v G Mk, {/"(a;)}^^ is bounded with respect to the v-adic topology. 

Proof. Taking a finite extension field of K over which x is defined if necessary, we 
may assume that x is defined over K. It is obvious that (i) implies (ii). We assume (ii) and 
show (i). We take a finite subset S of Mk containing the set of all Archimedean absolute 
values such that x and / is defined over {Ok)s- Then for any w ^ 5, we have 

||/"(a;)|l„ < 1 for all 71 >0. 

Since we assume (ii), there is a constant Cy for each v ^ S such that 

||/"(a;)||, <a foralln>0. 

Then we have 

h{r{x)) = "-log^ < E""*^" for all n > 0. 

veMk ves 

Then 

{r{x)\n>0} C {yeA^{K)\h{y)<J2rivCy}- 
Since the latter set is finite, the set {/"(a:;)}„>o is finite. Hence x is /-periodic. □ 
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